
Z Sieve Method

Abstract

A primary sieve method, Z Sieve Method, is presented.  With this method, 
formulas are deduced for the estimation of the number of twins and the number of 
Goldbach partitions, with accuracies comparable with that of Hardy-Littlewood’s 
and Grandall-Pomenrance’s.  
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of formulas are expounded.  
Furthermore, this method shows the probable of the formulas for calculation 

of the number of twins and the number of Goldbach partitions, for which the results 
are exactly the same as real values and of birth of the proofs of these two 
conjectures.

In this paper, the main purpose of the Z Sieve Method, is to apply it to Twin 
Conjecture and Goldbach Conjecture.

Although Prime Theorem is well known, for the convenience of expressing and 
applying Z Sieve Method, I apply it to express Prime Theorem as below.

For an odd number series: 1, 3, 5…N-1 (N is an even number), denote S(i) is the 
number of the terms, which is sifted by Pi only and we have
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To figure the number of twin primes less N, Z2(N), by Z Sieve Method make 2 
odd number series A and B and one composite series C (A,B) as below:

A: 1, 3, 5... N-5, N-3, N-1;
B: 3, 5, 7... N-3, N-1; N+1;
C: (1, 3), (3, 5), (5, 7)...(N-5, N-3), (N-3, N-1), (N-1, N+1),

where Ai + 2 = Bi and Ci (Ai, Bi).
Count Ci is a composite term, if either Ai or Bi  is a composite.  Ci is a twin term, if both 
Ai and Bi  is a prime. After sifting all the composite terms from C series, the rest of the 
terms of C series are twins except C1 (1, 3).
For sifting series C, do the way as S(i) above and follow the steps below:
1-A Sift all the composite terms by P1 from series C(A): AS(1);
1-B Sift all the composite terms by P1 from series C(B): BS(1);
2-A Sift all the composite terms by P2 only from the rest terms of series C(A): AS(2);
2-B Sift all the composite terms by P2 only from the rest terms of series C(B): BS(2);
3-A Sift all the composite terms by P3 only from the rest terms of series C(A): AS(3);
3-B Sift all the composite terms by P3 only from the rest terms of series C(B): BS(3);
...
r-A Sift all the composite terms by Pr only from the rest terms of series C(A): AS(r);
r-B Sift all the composite terms by Pr only from the rest terms of series C(B): BS(r).

The number of the total terms of C series is 
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  AS(2) is the number of the composite terms divisible by P2 on series 
C (A) minus the number of the composite terms divisible by P1P2 on series C (A) and 

minus the number of the composite terms on series C (B), which is iAP2  and iBP1     
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where V(2)1A stands 
for a factor related to the sifting composites of P2 on C(A) series involving total 2 primes 
(P1 and P2) and the positions of the composites of P1 on C(B) series.  V(2)1A is 
determined by their positions of the corresponding composites of P2 and P1 on C(A) and 
C(B).  

Similar to AS(2), 
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where T2(√N) is the number of the real twin primes less √N, which should be added due 
to all the primes less √N sure including twins less √N were sifted, and F(0/-1) is the 
adjusted term related to the first term C(1,3) and the last term C(N-1, N+1).  F(0/-1) = -1, 
in 3 cases: first, N < 9; second, (N-1) is a prime and (N+1) is a composite; third, both (N-
1) and (N+1) are a composite and the smallest factor of (N+1) is smaller than that of (N-
1).  Otherwise, F(0/-1) = 0.

In discussing factor V, denote common formats: Pa, Pb, V(a+b)aA, and  
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 where Pa and Pb are a group of primes and V(a+b)aA, stands 
for a factor related to the sifting composites of Pb on C(A) series involving total a+b 
primes (Pa and Pb) and composites of Pa on C(B) series.  

For an odd number system on series C(A):
Pb, 3Pb, 5Pb, ...  (2Pa -1)Pb, each of which is divisible by Pb, and the number of the total  
terms of the number system is Pa. Therefore, the corresponding number system on series 
C(B) is a complete residue system (mod Pa):
Pb+2, 3Pb+2, 5Pb+2, ...  (2Pa -1)Pb+2.  This means there is one and only one term 

Ci(Ai, Bi) to meet the condition: ib AP
 and ja BP

.  

There are 2 extreme values of V(a+b)aA: Pa -1 and 1 - Pa,  when N = Ai = Pb and 

N = Ai  = (2Pa -1)Pb  respectively.  The range of the value of 
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In addition, denote an odd integer m  121  aPm  to have mPb on series C(A), where 

Pb > Pa, and to have 1
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composite terms of Pb  on series C(A) and composite terms of Pa  on series C(B).   
Likewise, for an odd  number system Pb, 3Pb, 5Pb ...  (2Pa -1)Pb on series C(B) and its 
corresponding system Pb-2, 3Pb-2, 5Pb-2...  (2Pa -1)Pb-2 on series C(A), denote an 
positive integer m' (1< m' <2Pa-1), where Pb > Pa, to have 
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we have mPbaV aaA  )(  and '.)( mPbaV aaB    From 2ba mPP  and

2' ba PmP , we have 'mmPa  .  Since  1< m, m' <2Pa-1, one solution is m=m'=Pa, then 
0)(  mPbaV aaA  and .0')(  mPbaV aaB   We may write 

.)()( aBaA baVbaV 

If both m and m' is greater than Pa, 2Pa < m+m' < 4Pa – 2 because 1< m, m' <2Pa-1, 
there is only one number, 3Pa, between 2Pa and 4Pa – 2, which can be divided by Pa.  
However, both m and m' are an odd number, so the sum of m and m' is an even number 

then .3' aPmm    For the same reason, if both m and m' is smaller than Pa, the sum of 
m and m' can not be divided by Pa either.  

When m > Pa and m' < Pa or conversely and if m = Pa + n and m' = Pa – n, then 
.2' aa PmmP    In this case, 
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Since  aBaA baVbaV )()(   for all situations, we merge aAbaV )(  and 

aBbaV )(   into one term of abaV )(  .  Then,
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where C2 is the famous twin constant.  
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Compared with )(2 NZ  and )(N , )1/0(),(2 FNT  and r can be neglected for a 

large N.  The formula can be further simplified as: 
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These formulas and their deductions above clearly and precisely express the direct 

relation between )(N , )(2 NZ , and C2.

Although some terms are neglected, the calculated results by this simple formula 
are still very close to real data.  These results and a formula to calculate the exact number 
of twins were written on a separate paper.

Goldback Conjecture is very similar to Twin Conjecture.  We may apply Z Sieve 
Method in the same way to Goldbach Conjecture as to Twin Conjecture above.

For Goldbach Conjecture, N = P + P', we build a little different A, B, and C series 
below.

A:    1,    3,      5...     N-5, N-3, N-1;
B: N-1, N-3, N-5...      5,     3,     1;
C: (1, N-1), (3, N-3), (5, N-5)...(N-5, 5), (N-3, 3), (N-1, 1),



where Ai + Bi = Ci = N and Ci(Ai, Bi).

Denote Z1+1(N) the number of total Goldbach partitions.  First considering the N, 
which is divisible by 2 only, then all the terms of AS(1), BS(1), AS(2), BS(2), AS(3), 
BS(3)...  AS(r), BS(r)  are the same as Z2(N) for Z1+1(N) except the values of V may be 
different.  Denote U for Z1+1(N) instead of V for Z2(N).

For an odd  number system on series C(A): 
Pb, 3Pb, ... (2Pa -3)Pb, (2Pa -1)Pb, each of which is divisible by Pb, and the number of the 
total terms of the number system is Pa. Therefore, the corresponding number system on 
series C(B): N-Pb, N-3Pb, ... N-(2Pa -3)Pb, N-(2Pa -1)Pb is a complete residue system (mod 
Pa), too.  There will be one and only one term in the odd number system, Ci(Ai, Bi), to 

meet the condition: ib AP
 and ja BP

.  

Likewise, there are 2 extreme values of U(a+b)aA: Pa -1 and 1 – Pa.  Like V, we 

have the range of the value of 
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Denote m and m' are odd integers and mPb on series C(A) (1< m <2Pa-1), where 

Pb > Pa, to have 1
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 and ba mPNP   for sifting composite 

terms of Pb  on series C(A) and composite terms of Pa  on series C(B).  In the same way, 

we have 1
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 and ba PmNP '  for sifting composite terms 

of Pb  on series C(B) and composite terms of Pa  on series C(A).  

From ba mPNP   and ba PmNP ' , we have 'mmPa  .  One possible solution is m 

= m' = Pa and like V we may have the other only possible solution is aPmm  ' , because 
1< m, m' <2Pa-1.

Because mPbaU aaA  )(  and ,')( mPbaU aaB 
.)()( aBaA baUbaU    We merge UA and UB as U to have
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There is only a difference between Z1+1(N) and Z2(N) for N divisible by 2 only; 

instead of T2(N) and F(0/-1), Z1+1(N) consists of  PPN i

2
.  Because all the Pi are to be 

sifted according to Z Sieve Method, when N- Pi  is a prime, 2 should be added for 
Z1+1(N).

Like Z2(N), we may have 
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The simplified formula is the same for both Z1+1(N) and Z2(N).  The calculated 
results of Z1+1(N) by this simple formula for N divisible by 2 only are very close to real 
values.  These results and a formula to calculate the exact number of Goldbach partitions 

were written on a separate paper, where the factor,  
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NP i
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2

1
, for N divisible by odd 

numbers was deduced.  
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